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Abstract 
Power spectral analysis of short-term heart rate variability (HRV) can provide instant valuable 
information to understand the functioning of autonomic control over the cardiovascular system. In 
this study, an adaptive continuous Morlet wavelet transform (ACMWT) method has been used to 
describe the time-frequency characteristics of the HRV using band power spectra and the median 
value of interquartile range. Adaptation of the method was based on the measurement of maximum 
energy concentration. The ACMWT has been validated on synthetic signals (i.e. stationary, non-
stationary as slow varying and fast changing frequency with time) modeled as closest to dynamic 
changes in HRV signals. This method has been also tested in the presence of additive white Gaussian 
noise (AWGN) to show its robustness towards the noise. From the results of testing on synthetic 
signals, the ACMWT was found to be an enhanced energy concentration estimator for assessment of 
power spectral of short-term HRV time series compared to adaptive Stockwell transform (AST), 
adaptive modified Stockwell transform (AMST), standard continuous Morlet wavelet transform 
(CMWT) and Stockwell transform (ST) estimators at statistical significance level of 5%. Further, the 
ACMWT was applied to real HRV data from Fantasia and MIT-BIH databases, grouped as healthy 
young group (HYG), healthy elderly group (HEG), arrhythmia controlled medication group 
(ARCMG), and supraventricular tachycardia group (SVTG) subjects. The global results demonstrate 
that spectral indices of low frequency power (LFp) and high frequency power (HFp) of HRV were 
decreased in HEG compared to HYG subjects (p<0.0001). While LFp and HFp indices were 
increased in ARCMG compared to HEG (p<0.00001). The LFp and HFp components of HRV 
obtained from SVTG were reduced compared to other group subjects (p<0.00001). 

Keywords: Adaptive continuous Morlet wavelet transform; Energy concentration measurement; 
Global method; Shape parameter 

Introduction 

Sustained arrhythmias are the most common reason of sudden cardiac death, about 75- 85 % 
cases each year in the world wide population [1]. The term arrhythmia refers to a disorder in the 
timing or pattern of the heartbeat. Arrhythmia may be due to abnormalities in impulse formation or 
in the heart's electrical system, or both, but it is not always a disorder of heart rhythm [2,3]. 
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Respiratory sinus arrhythmia is a normal oscillation of heart rate, reflecting respiratory action. 
Impulse formation may be sinus or ectopic, the rhythm regular or irregular and the heart rate faster 
(> 100 beats per minute i.e. tachycardia), or slow (< 60 beats per minute i.e. bradycardia)[4,5]. 
Depending on primary disease conditions related to heart some arrhythmias are: heart block, atrial 
fibrillation, supraventricular tachycardia (SVT) and ventricular atrial fibrillation. Because of 
arrhythmia, the heart may beat inefficiently, and the body may receive an inadequate blood supply. 
This can cause symptoms and can be life-threatening [6,7]. 

From the QRS complex of Electrocardiogram (ECG) records, R-R intervals is measured, the beat 
to beat variation of R-R interval is known as heart rate variability (HRV). The HRV signals are non-
stationary time-varying signals from a statistical perspective. Therefore, time-variant signal processing 
methods are part of the standard assortment in biomedical signal analysis. The time-frequency 
analysis of the HRV has been used as a non-invasive tool to explain the several mechanisms of the 
autonomic nervous system (ANS) modulating the heart rate [8]. The variation of power spectra of 
HRV signals in time-frequency domain has a high diagnostic value leading to more frequent 
applications of the time-variant analysis method [9, 10]. It is significant to obtain information about 
how power of the HRV is distributed across frequency and time.  

The dynamic characteristics of HRV are measure of the balance between sympathetic and 
parasympathetic mediators (both are branches of ANS) of heart rate. Sympathetic mediator is 
initiated from influence of epinephrine and norepinephrine chemical messengers (neurotransmitters). 
These chemicals are released from sympathetic nerve fiber and act on sino-artial node (SAN) and 
atrioventricular node AVN[11]. These increase the rate of cardiac contraction and accelerate electrical 
system at the (AVN), leading to increase heart rate. Sympathetic mediators appear to exert their effect 
over longer times and are replicated in the low frequency (LF) band (0.04 to 0.15 Hz) of HRV[12]. 
In this band, power spectral distribution is known by LFp [13]. Parasympathetic mediator is initiated 
from effect of acetylcholine chemical neurotransmitter, is released from parasympathetic nerve fiber, 
and acts on SAN and AVN, which slows the rate of cardiac contraction of AVN, leading to decrease 
in heart rate. Parasympathetic mediators employ their effect more quickly on the heart and are 
reflected in the high frequency (HF) band (0.15 to 0.4 Hz), the spectral power distribution in HF 
band is represented by HFp of HRV[14]. Thus, the power spectral analysis is performed on the HRV 
data to show vagal tone and the sympatho-vagal balance as LFp/HFp ratio at any point of instant 
[15-17].  

Power spectrum estimation of sampled time series signal is usually based on procedures employing 
the fast Fourier transform (FFT).This approach is computationally efficient and provides an excellent 
frequency resolution [18]. However, it does not tell anything about time series localization of the 
frequency components present in the signals. This reality has not effect on stationary signal, but real 
life signals are non-stationary like HRV, arterial blood pressure variability, arterial pulse interval 
variability and respiratory signals. 

In an ideal case, the time-frequency mapping provides only information about the frequency 
occurring at a given instant of time without cross-information about adjacent instant [19, 20]. The 
most important aim of a time-frequency analysis method is to be close to ideal case and have excellent 
resolution [21]. The energy concentration related with resolution in the time-frequency analysis is one 
of its most important and severely studied aspects in time-frequency analysis of HRV signals [22]. 
Various popular methods like short time Fourier transform (STFT), wavelet transform and Stockwell 
transform (ST) exist for linear time-frequency analysis of HRV signals [9]. 

In STFT, a sliding and fixed duration window is introduced in Fourier integral to get a better 
estimation of localization of time of each frequency component [23]. Whereas, this improvement is 
obtained at the expense of frequency resolution due to fixed duration window [24]. The 
multiresolution technique overcomes the problem of STFT. In multiresolution concept, the fixed 
duration widow function of STFT is replaced by introducing translation and dilation of basis 
function, known as the mother wavelet function[25]. If the mother wavelet function is Morlet 
function (it is a plane wave modulated by Gaussian function), the multiresolution technique is known 
as standard continuous Morlet wavelet transform (CMWT). By using multiresolution strategy, it 
provides fixed number of cycles per dilation and resolution remains stationary along the dilation. 
However, in some cases, the CMWT suffers from poor energy concentration in the time frequency 
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domain at the higher frequencies, as higher and lower frequencies depend on highest analyzed 
frequency relative to lower frequency. 

The standard ST is becoming a popular method for time-frequency analysis of non-stationary 
signals due to its simplicity and ability to preserve the phase information of signals [26]. The ST is a 
linear time-frequency analysis, which can be viewed as combination of STFT and CMWT. Because 
of this hybrid strategy, it enables the use of frequency variables and multiresolution strategy of 
continuous wavelets analysis. The Gaussian window function of ST depends on frequency; hence the 
ST produces excellent frequency resolution at lower frequencies and sharper time localization at 
higher frequencies [18, 27]. The characteristic of window function changes with frequency and not 
with time, thus the ST method is inappropriate for resolving signals, whose spectral components are 
fast changing with time [28]. Other reformed method of ST transform like adaptive Stockwell 
transform (AST) and modified Stockwell transform (MST) improved the energy concentration from 
ST by adding some parameter that controls the shape or frequency scale of its Gaussian window [29-
31]. The parameter that controls the shape of window only improves the limited energy concentration 
of signals, whose fast frequency changes with time but not for all type of non-stationary (slow and 
rapid changing spectral) signals.  

In this paper, we present adaptive methods that provide enhanced energy concentration for 
synthetic individual characteristics of HRV signal in time-frequency domain. The enhancement is 

accomplished through an additional parameter 𝑞, which controls the shape of Gaussian function used 

in time frequency transform. The 𝑞𝑜𝑝𝑡parameter is calculated through an optimization strategy that 

maximizes the energy concentration of time-frequency estimator. All the dynamic characteristics of 
HRV modeled from the synthetic signals have been analyzed using four standard estimators CMWT, 
ST, AST, adaptive modified Stockwell transform (AMST) and also by using adaptive continuous 
Morlet wavelet transform (ACMWT). The adaptation of AST, AMST and ACMWT methods are 
based on maximum energy concentration measurement (ECMmax). To the extent of our knowledge 
these adaptive methods has never been used in the assessment of power distribution in LF and HF 
range of HRV signals. Further, ACMWT method is applied to estimate the power spectral in HRV 
signals of each group of subjects. 

Material and Method 

Standard Continuous Morlet Wavelet Transform 

The standard CMWT of a time series signal 𝑠𝑡defined as 

𝑊𝑡(𝑎, 𝜏) =  〈𝑎, 𝜓𝑎,𝜏  〉 =  
1

√𝑎
∫ 𝑠𝑡

+∞

−∞
𝜓∗ (

𝑡−𝜏

𝑎
)  𝑑𝑡     (1) 

where 𝜓*(t)is the complex conjugate of the mother wavelet 𝜓(t), which is the mother analysis wavelet 

function, 𝑎 is the real positive number, denotes the scaling parameter of the mother wavelet and τ is 
also a real number, which shifts the scaled mother wavelet alongside the time axis [25]. The Morlet 
wavelet is a good example of a mother wavelet function for the building of the continuous wavelet 
transform. It consist of a plane wave modulated by Gaussian [32], the Morlet wavelet function is 
defined in time domain as: 

𝜓𝑀(𝑡) =  𝜋−
1

4 [𝑒−𝑖𝑤𝑜𝑡 − 𝑒− 
𝑤𝑜

2

2 ] 𝑒−
𝑡2

2      (2) 

Its Fourier transform is defined in equation in (3), shifted Gaussian function and satisfies the 

admissibility condition so that �̂�𝑀 (0) = 0 

�̂�𝑀(𝑤) = 𝜋−
1

4 [𝑒− 
(𝑤− 𝑤𝑜)2

2 − 𝑒− 
𝑤𝑜

2+𝑤2

2 ]     (3) 

where 𝑤0 is the central frequency of the mother wavelet. In this paper we have used 𝑤0 = 6 for 
satisfy the admissible condition [21]and second term of equation (2) and (3) can be neglected in 
practice. The equation of Morlet wavelet function and its Fourier transform becomes 

𝜓𝑀(𝑡) =  𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒− 
𝑡2

2         (4) 
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�̂�𝑀(𝑤) = 𝜋−
1

4𝑒− 
(𝑤− 𝑤𝑜)2

2         (5) 
Fourier transform of scaled by ‘a’ of mother Morlet wavelet function written as 

�̂�𝑀(𝑎 𝑤) = 𝜋− 
1

 4𝑒−  
(𝑎 𝑤− 𝑤𝑜)2

2        (6)
 While equation (2) satisfies the requirements to be a wavelet function if mean of equation (4) is 

approximately zero. The mean of wavelet function calculated as 

∫ 𝜓𝑀(𝑡)
+∞

−∞
 𝑑𝑡 = √2 𝜋−

1

4𝑒− 
𝑤𝑜

2

2        (7)
 

Hence, the value of mean is so small for 𝑤0 > 5 that it satisfies the zero mean wavelet.  

The CMWT improved the energy concentration by introducing a 𝛾 shape parameter to the 
Gaussian part of Morlet wavelet function, which balances the time and frequency resolution[33]. The 

𝛾 shape parameter is a function of frequency. Thus, the Morlet wavelet function of equation (4) 
becomes as

 

𝜓𝑀(𝑡, 𝛾) =  𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒− 
𝛾2𝑡2

2        (8) 
As γ is function of frequency, hence γ (f) = 1/f   and equation (8) becomes 

𝜓𝑀(𝑡, 𝛾(𝑓)) =  𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒
− 

𝑡2

2𝑓2       (9) 

Its Fourier transform with scaled 𝑎 becomes 

𝜓𝑀(𝑎 𝑤, 𝑓) = 𝜋− 
1

 4𝑒−  
𝑓2(𝑎 𝑤− 𝑤𝑜)2

2       (10)

 
Adaptive Morlet Wavelet Function 

To make the adaptive of CMWT, a new parameter 𝑞 is added to the 𝛾 shape parameter. Hence 

𝛾(𝑓) =1/𝑓𝑞. The new parameter can control the 𝛾 shape parameter of the Morlet wavelet function. 

The value of 𝑞 was selected from a set 0<q<1, when q=0 corresponding to equation (4) of Morlet 

wavelet function and 𝑞 = 1 corresponding to the equation (9) of Morlet wavelet function. By 
calculating an optimal value of q i.e. say (qopt.), the maximum energy concentration (ECMmax) can 

be obtained. Method to find 𝑞𝑜𝑝𝑡.has been discussed in the section entitled Algorithm to Determine 
qopt. Thus, adaptive Morlet wavelet function and its Fourier transform becomes 

𝜓𝑀(𝑡, 𝛾(𝑓)) =  𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒
− 

𝑡2

2𝑓2𝑞     (11) 

�̂�𝑀(𝑎 𝑤, 𝑓) = 𝜋− 
1

 4𝑒−  
𝑓2𝑞  (𝑎 𝑤− 𝑤𝑜)2

2        (12) 

If adaptive Morlet wavelet function put in place of mother wavelet 𝜓(t), then standard CMWT is 
known as ACMWT. 

Power Spectra of Adaptive Continuous Morlet Wavelet Transform 

Wavelet transform is a complex time-frequency analysis method of signals, so the transform have 

real as  𝑅(𝑊𝐴𝐶𝑀𝑊𝑇) imaginary part as 𝐼𝑚(𝑊𝐴𝐶𝑀𝑊𝑇) and amplitude calculated as |𝑊𝐴𝐶𝑀𝑊𝑇 | =

√𝑅(𝑊𝐴𝐶𝑀𝑊𝑇)2 + 𝐼𝑚(𝑊𝐴𝐶𝑀𝑊𝑇)2  and the power of spectra is defined as|𝑊𝐴𝐶𝑀𝑊𝑇 |2. 
 

Algorithm to Determine qopt 

The determination of 𝑞𝑜𝑝𝑡  depends on energy concentration measurement (ECM). The 𝑞𝑜𝑝𝑡  

value of  𝑞 can be determined by two ways, one is to determine a global method, in which value of  

𝑞 invariant for entire signal. The other is to determine a value of 𝑞 which is varying with time instant 

considered [22, 34]. In this paper, we have applied global method for selecting𝑞𝑜𝑝𝑡 . Advantage of 

this method is to give exceptional temporal and spectral resolution. The ECM is defined as: 
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𝐸𝐶𝑀(𝑞) =
1

∬ 𝑇𝑞(𝑡,𝑓)̅̅ ̅̅ ̅̅ ̅̅ ̅̅+∞

−∞
𝑑𝑡 𝑑𝑓

      (13) 

Symbol 𝑇𝑞(𝑡, 𝑓) is used for any time-frequency transform (like ACMWT, AST and AMST) for a 

value of  𝑞. The normalized energy 𝑇𝑞(𝑡, 𝑓)̅̅ ̅̅ ̅̅ ̅̅ ̅̅  defined as 

𝑇𝑞(𝑡, 𝑓)̅̅ ̅̅ ̅̅ ̅̅ ̅̅   = 
𝑇𝑞(𝑡,𝑓)

√∬ |𝑇𝑞(𝑡,𝑓)|2 𝑑𝑡 𝑑𝑓
+∞

−∞

      (14) 

The algorithm of global method applied in this study is presented in Figure 1.  
 

 

Figure 1. Flow chart of the applied algorithm 

Statistical Analysis 

Statistical analysis was performed using t-test for comparison of LFp, HFp and LFp/HFp ratio 
values (taken median of interquartile values) between healthy young group (HEG) subject and healthy 
elderly group (HEG), arrhythmia controlled medication group (ARCMG) and supraventricular 
tachycardia group (SVTG) subjects. All p-values were calculated using one-tailed t-test method at 
p<0.05 and considered statistically significant. Results are reported as mean±Sd. The ECMmax of 
individual synthetic characteristics of HRV signals was calculated at α= 5% without noise and SNR= 
30 dB for each considered time-frequency transform (TFT) methods. 

Materials 

Synthetic Test Signals 

As in Table 1, to validate the capability of considered TFT methods for exceptional temporal and 
spectral resolution in terms of ECMmax, we have generated four synthetic signals sampled at 4Hz 
and in the duration of 0 ≤t≤300 sec. The synthetic signals are listed in Table 2. The characteristics 
(stationary and non-stationary) of synthetic signals were modeled as individual physiogomies of HRV 

Start 

Create row or column matrix of q such that q:  {0   1} 

Compute the transform  𝑇𝑞(𝑡, 𝑓) for each value of  𝑞. 

 

For each value of  𝑞 , normalize the energy as eq. (14) 

 

Compute ECM of normalized energy for each value of 𝑞. 

 

Calculate optimum parameter  𝑞𝑜𝑝𝑡  by using 

𝑞𝑜𝑝𝑡 = arg[max
𝑞

{𝐸𝐶𝑀(𝑞)}] 

At 𝑞𝑜𝑝𝑡  obtained ECMmax. 

 

Choose transform for   𝑞𝑜𝑝𝑡 as  𝑇(𝑡, 𝑓) = 𝑇𝑞𝑜𝑝𝑡(𝑡, 𝑓)
 

(i.e.  known as adaptive  Time-Frequency  transform) 
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signals. The instantaneous frequency of each component of synthetic signals is determined by 

f(t)=(d∅)⁄(2πdt), here ∅ is angle of each cosine component of synthetic signals. The stationary 
characteristics of synthetic signal related to Mayer - wave (around 0.1Hz in LF band) and respiratory 
sinus arrhythmia (RSA) (around 0.4 Hz in infant or 0.25 in HF band) [35]. All the possible non-
stationary characteristics like all possible frequency range of sympathetic and parasympathetic activity 
(i.e. increased or decreased the heart rate) and respiratory frequencies observed in many autonomic 
tests has been covered in the used non-stationary model in this study [36]. The change in heart rate 
depends on factors such as the person’s activity level, posture, recent diet, degree of fitness, age and 
health [37]. From a theoretical viewpoint, the tracking of time varying, slow or fast spectral 
components of HRV signals characterized by sinusoidal frequency modulation is challenging due to 
the high level of inner interference among signals with such a modulation[38]. In this situation, 
separating LFp and HFp components of HRV signals requires high ECM or resolution and applied 
method should follow the ideal time-frequency mapping. 

Table 1. Morlet wavelet function, S-Transform function and their time domain, Fourier transform 
time-frequency resolution factor and Scale to frequency Fourier factor 

Estimator Time Domain Fourier  transform 
Resolution 

factor 
Scale to freq. 

factor 

Morlet 
wavelet 
function 

𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒− 
𝑡2

2  𝜋−
1

4𝐻(𝑤)𝑒− 
(𝑎𝑤− 𝑤𝑜)2

2  
with scaled ‘a’ 

a 4𝜋𝑎

𝑤𝑜 + √2 + 𝑤𝑜
2
 

Adaptive 
Morlet 
wavelet  
function 

𝜋−
1

4𝑒−𝑖𝑤𝑜𝑡𝑒
− −

𝑡2

2𝑓2𝑞 
 

𝜋− 
1

 4 𝐻(𝑤) 𝑒−  
𝑓2𝑞  (𝑎 𝑤− 𝑤𝑜)2

2  
with scaled ‘a’ 

a, f  and q 4𝜋𝑎

𝑤𝑜 + √2 + 𝑤𝑜
2
 

Adaptive 
ST 
function 

|𝑓|𝑞

√2𝜋
𝑒− −

𝑓2𝑞𝑡2

2  

 
 

𝑒
− 

2𝜋2𝑣2

𝑓2𝑞  
f and q, 
When q =1 
then ST 
function. 

Not Applicable 

Adaptive 
Modified 
ST 
function 

|𝑓|

(
1

𝑁
 𝑓 + 𝑞 𝑣𝑎𝑟(𝑠𝑖𝑔𝑛. ))√2𝜋

𝑒−𝑥 

x=
𝑓2𝑡2

2(
1

𝑁
 𝑓+𝑞 𝑣𝑎𝑟(𝑠𝑖𝑔𝑛.))2

 

𝑒
− 

2𝜋2( 
1
𝑁 𝑓+𝑞 𝑣𝑎𝑟(𝑠𝑖𝑔𝑛.))2𝑣2

𝑓2  

f and q Not Applicable 

H(w)  is a Heaviside step function  used for analytical wavelet ,    {H(w)=1 if w>0 ,H(w)=0  otherwise  } 

 

Standard Database and Pre-processing of HRV Signals 

In this study, the data used in the analysis was obtained from physioNet ATM [39]. The database of 
28 healthy subjects, in which 14 HYG (7M+ 7F, age range 23-32) and 14 HEG (7M+7F, age range 
70- 82) from the standard Fantasia database  sampled at 250 Hz[40],  the database of 14 ARCMG 
subjects (6M+ 8F, age range 54-70) from MIT-BIH arrhythmias sampled at 360 Hz and the 14 SVTG 
subjects (6M+8F, age not defined) from MIT-BIH supraventricular arrhythmia database sampled at 
128 Hz [41, 42] has been used. The R peaks of the ECG signal were detected using modified 
Tompkins’s algorithm [43]. The modified “Pan and Tompkins” QRS detection algorithm locate the 
QRS complexes depending on digital analysis of amplitude, width, and slope of the ECG signals. 
This algorithm uses special digital band pass filter to reduce the false detection. The automatic 
thresholds adjustment mechanism adapts to the morphology variation of the ECG signals. The 
algorithm follows the steps (i) Band pass filtering. (ii) Differentiation (iii) Squaring (iv) Moving 
window integration and (v)Thresholds adjustment. From this detected R peaks, R-R interval also 
known as inter beat interval (IBI) time series has been computed. 

Pre-processing of IBI time series data is required before analysis of HRV signal to reduce error 
and enhance the sensitivity of time series data. First, we have done ectopic beat or interval detection, 
correction and resampling before HRV analysis. In this paper, the ectopic beats were detected on the 
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basis of standard deviation filter method which marks outliers as being intervals that lie outside the 
overall mean IBI by a user defined value of standard deviation [44]. The user-defined value was used 
as 3 times of standard deviation. A cubic spline interpolation method was used to replace ectopic 
intervals founded during the detection process. After replacing R-R intervals (second), now it is 
known as normal-to-normal intervals (NN intervals) [45]. By using cubic spline method the NN 
intervals were resampled at 4 Hz. 

Table 2. Example of synthetic test signal and their characteristics and Sampling frequency (Fs), 
duration of signals 

Experiment Synthetic test signal Characteristics 
(Fs) and 
duration 

1 

𝑌1(t)={
Cos(0.2𝜋𝑡)             0 ≤ 𝑡 < 60  𝑆𝑒𝑐
0                             60 ≤ 𝑡 ≤ 180 𝑆𝑒𝑐.
Cos(0.8 𝜋𝑡)180 < 𝑡 ≤ 300 𝑆𝑒𝑐.

 

Stationary 𝐹𝑠 = 4Hz, 

and  0 ≤
𝑡 ≤ 300 𝑆𝑒𝑐. 

2   𝑌2(𝑡) = 𝐶𝑜𝑠(0.518𝜋𝑡 + 183𝜋 × 10−6𝑡2)                           
+ 𝐶𝑜𝑠(0.0392𝜋𝑡 − 261𝜋 × 10−7𝑡2) 

+𝐶𝑜𝑠(0.118𝜋𝑡 + 784𝜋 × 10−7𝑡2) 

Non-stationary 
and slowly time 
varying  spectral 

components 

𝐹𝑠 = 4 Hz, 

0 ≤ 𝑡 ≤
300 𝑆𝑒𝑐. 

3 𝑌3(𝑡)

= 𝐶𝑜𝑠

[
 
 
 
 {0.168𝜋(

𝑡 − 150

300
)tan−1 (

21𝑡 − 3150

300
)}

−{
0.082𝜋 log((21𝑡 − 3150)2 + 1)

63 × 104
}   + 0.50𝜋𝑡

]
 
 
 
 

 

+𝐶𝑜𝑠(0.22𝜋𝑡 − 206× 10−6𝜋𝑡2)             

Non-stationary 
and fast time 

varying spectral 
signal 

𝐹𝑠 = 4 Hz, 

0 ≤ 𝑡 ≤
300 𝑆𝑒𝑐. 

4 
𝑌4(𝑡) = 𝐶𝑜𝑠 (0.078𝜋 log (

10𝑡 + 300

300
)) 

+𝐶𝑜𝑠(0.188𝜋𝑡 + 104 × 10−6𝜋𝑡2) 

Non-stationary 
and fast 

frequency 
variation signal 

 𝐹𝑠 = 4 Hz,  

0 ≤ 𝑡 ≤
300 𝑆𝑒𝑐. 

Results and Discusion 

Simulation Study of Synthetic Signals 

Experiment 1 

The first signal Y1(t) is a stationary signal. It consists of two signals having frequency 0.1 Hz 

and 0.4 Hz in the interval 0≤t<60 sec. and frequency component of0.4 Hz in interval 180<t≤300 

sec. It is analyzed with the CMWT at 𝑤𝑜 = 6shown in Figure 2.b, ACMWT at 𝑤𝑜 = 6 (Figure 2.c), 
ST Figure 2.d, AST Figure 2.e, and AMST in Figure 2.f. As earlier discussed, the ideal TFT should 
only be contained energy concentration along distributed frequencies for duration of signal 
components and not cross interfere with neighboring components of signals. The power spectra of 

ACMWT at 𝑤𝑜 = 6 for 𝑞𝑜𝑝𝑡 = 0.81 follows much closest to the ideal TFT and achieves higher  

ECMmax and exceptional resolution among the considered TFT estimator, summarized in table 3. 

The AST provide better ECMmax than CMWT at 𝑤𝑜 = 6, ST and AMST, and reflect very good 
resolution in time and frequency both. However, by visual inspection of the time-frequency 

representation of AST shown in Figure 2.e is not accurately mapped with HF component of 0.4 Hz. 
It spread the power spectra across 0.4 Hz frequency also. Therefore, AST estimator is only suitable 

for LF stationary component of HRV signals. While the ACMWT at 𝑤𝑜 = 6 is suitable for resolution 
of both stationary components in LF and HF band.  

The performance of considered TFT estimator also tested with the signal 𝑌1(𝑡) in the presence 

of AWGN with SNR = 30 dB, in order to understand the enhancement capability of ECMmax .The 

result of performance measured is reported in Table 3. It is concluded that the ECMmax degraded 



Ram S. SINGH, Barjinder S. SAINI, Ramesh K. SUNKARIA 
 

56 Appl Med Inform 39(3-4) September-December/2017 
 

for all TFT methods, but the ACMWT at 𝑤𝑜 = 6 still have highest energy concentration among the 

considered TFT. Thus, from above discussion, the ACMWT at 𝑤𝑜 = 6 is more appropriate method 
for assessment of stationary signals whose frequency lies in HRV spectrum range. 

 

Figure 2. Time-Frequency power spectra maps at statistical significance level at α = 5% of signal 

(a) time-domain representation of test signal 𝑌1(𝑡) having  arbitrary unit (a.u)  amplitude assessed 

by (b) CMWT  at 𝑤𝑜 = 6 (c) ACMWT at𝑤𝑜 = 6 (d) ST(e) AST, and (f) AMST 

Table3. The ECMaxvalue of TFT estimator, experiment 1, α=5% 

TFT estimator ECMmax,Noise free ECMmax, when SNR 30 dB 

CMWT 0.0684 0.0630 
ACMWT qopt=0.81 0.1796 0.1536 

ST 0.0681 0.0636 

AST  qopt=0.01 0.1546 0.1308 

AMST qopt= 0.87 0.0924 0.0837 
CMWT = Standard continuous Morlet wavelet transform 
ACMWT = Adaptive continuous Morlet wavelet transform 
ST = Stockwell transform  
AST = Adaptive Stockwell transform 
AMST = Adaptive modified Stockwell transform 
ECMax =Maximum energy concentration 

Experiment 2 

The second synthetic test signal 𝑌2(𝑡) as in Figure 3.a is non-stationary signal and slowly time 
varying spectra components. It consists of three signals having frequency range (0.26 -0.31 Hz), (0.06 

– 0.08 Hz) and (0.018-0.012 Hz). The sampling frequency used is 4 Hz and exists in the interval 0 ≤
 t ≤ 300 𝑠𝑒𝑐. The power spectra of ACMWT at 𝑤𝑜 = 6  estimator, shown in Figure 3.c, show clear 
picture of all three components of signal, either LF or HF band. It is also observed from simulated 

data, reported in Table 4, it has higher ECMmaxcompared to all considered TFT estimator. After the 

ACMWT at 𝑤𝑜 = 6method, the AMST depicted as in Figure 3.f has better ECMmax (resolution) 

compared to AST, ST and CMWT at 𝑤𝑜 = 6. But AMST, AST and CMWT show poor resolution 

of frequency component signals (0.06- 0.08 Hz, in range of LF band). Hence, the ACMWT at 𝑤𝑜 =
6 is more appropriate technique, where power spectra of HRV signals varies slowly with time. 
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Similarly, as in experiment 1, the ECMmax degraded in noisy environment for all TFT method, 

but ACMWT at 𝑤𝑜 = 6 estimator for 𝑞𝑜𝑝𝑡 = 0.31 still performs better.  

 

Figure 3. Time –Frequency power spectra maps at statistical significance level at α = 5% of signal 

(a) time-domain representation of test signal 𝑌2(𝑡) having  arbitrary unit (a.u) amplitude assessed by 

(b) CMWT at 𝑤𝑜 = 6, (c) ACMWT at 𝑤𝑜 = 6, (d) ST, (e) AST, and  (f) AMST 

Table 4. The ECMmax value of TFT estimator, experiment 2,at α=5% 

TFT estimator ECMmax, Noise free ECMmax, when SNR 30 dB 

CMWT 0.1324 0.1310 
ACMWT qopt=0.31 0.1761 0.1705 

ST 0.1393 0.1369 
AST qopt=0.11 0.1746 0.1675 

AMST qopt=0.25 0.1753 0.1681 

CMWT = Standard continuousMorletwavelet transform 
ACMWT = Adaptive continuousMorletwavelet transform 
ST = Stockwell transform  
AST = Adaptive Stockwell transform 
AMST = Adaptive modified Stockwell transform 
ECMax =Maximum energy concentration 

 

Experiment 3 

The third synthetic test signal 𝑦3(𝑡) shown in Figure 4.a is non-stationary signal and faster time-
varying spectral components. It consists of multiple non-linear components like logarithmic and 

square functions in first components of signal. The signal was digitized at  4 Hz  frequency and exists 

in the interval 0 ≤ t≤ 300 𝑠𝑒𝑐. The frequency of signal components varies between 0.13-0.4 Hz and 
0.048 - 0.11 Hz. The instantaneous frequency of first component signal abruptly changes during 122 
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-170 sec. The simulated graph of time-frequency representation of AMST for 𝑞𝑜𝑝𝑡 = 0.21 and AST 

for 𝑞𝑜𝑝𝑡. = 0.11 is shown in Figure 4.f and 4.e, has comparable ECMax to ACMWT at𝑤𝑜 = 6 as 

reported in Table 5, It illustrates the clear power spectra of both components of signal 𝑦3(𝑡). 
However, only upper multiple components have relatively good resolution across 0.4 Hz frequency, 
while frequency of second component of signal completely fades as time increases. The ACMWT 

at𝑤𝑜 = 6 for𝑞𝑜𝑝𝑡 = 0.35, the time-frequency graph shown in Figure 4.c provides perceptible 

improvements for all components of signal and achieved higher ECMmax in noise free or in noise 
compared to all considered TFT estimator, the simulated data are detailed in Table 5.  

 

Figure 4. Time –Frequency power spectra maps at statistical significance level at α = 5% of signal 

(a) time-domain representation of test signal 𝑌3(𝑡) having arbitrary unit (a.u) amplitude assessed by, 

(b) CMWT at 𝑤𝑜 = 6, (c) ACMWT at 𝑤𝑜 = 6   (d) ST, (e) AST,  and  (f) AMST 

Table 5. TheECMax value of TFT estimator, experiment 3, α = 5% 

TFT estimator ECMmax, Noise free ECMmax, when SNR 30 dB 

CMWT 0.1424 0.1410 

AMCMWTqopt=0.35 0.1761 0.1705 
ST 0.1393 0.1369 

AST qopt=0.11 0.1746 0.1675 
AMST qopt=0.21 0.1753 0.1681 

CMWT = Standard continuousMorletwavelet transform; 
ACMWT = Adaptive continuousMorletwavelet transform; 
ST = Stockwell transform; AST = Adaptive Stockwell transform; 
AMST = Adaptive modified Stockwell transform 

As shown in Figure 4.b and Figure 4.d, the CMWT and ST provides  worst resolution for lower 
signal components, while cross interfere occurs and spread  with upper signal component means 
losing the ideality of time-frequency representation. Thus, from above discussion, the ACMWT 

at𝑤𝑜 = 6 is best estimator for faster time-varying spectral components of HRV signal. 

Experiment 4 

The last synthetic signal 𝑦4(𝑡) is depicted in Figure 5.a, is one of the important classes of non-
stationary signal, in which crossing components exist, that content with fast frequency variation. The 
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𝑦4(𝑡) signal is mixture of two signals, one rapidly transiting from lower to higher frequency region 
(0.04 – 0.4 Hz) and the other linearly varies frequency (0.1 – 0.12 Hz) with time as chirp signal. This 

signal was sampled at 4 Hz and exists for the duration 0 ≤ t ≤ 300 sec. The power spectra of signal 

𝑦4(𝑡) was assessed by ACMWT at 𝑤𝑜 = 6 for 𝑞𝑜𝑝𝑡. = 0.21, is shown in Figure 5.c. The temporal 

and spectral resolution is excellent up to the crossing component of fast varying frequency 
component and linear chirp signal. While the resolution after the crossing component of fast varying 
frequency slightly fades. In spite of this, as the data statement reported in Table 6, the ACMWT at 

𝑤𝑜 = 6 method has better ECMmax compared to other considered method. The AST for𝑞𝑜𝑝𝑡. =

0.30 is shown in Figure 5.e and AMST for 𝑞𝑜𝑝𝑡. = 0.15 is shown in figure 4.f has better resolution 

than ST, as in Figure 5.d and CMWT as in Figure 5. b. On the basis of simulated data reported in 

Table 6, these methods have also ECMmax high compared to the ST and CMWT. Hence, the 

ACMWT at 𝑤𝑜 = 6 is best estimator, where power spectra of HRV signals is fast varying with time. 

 

Figure 5. Time- Frequency power spectra maps at statistical significance level at α = 5% of signal 

(a) time-domain representation of test signal 𝑌4(𝑡) having  arbitrary unit (a.u)  amplitude assessed 

by, (b) CMWT at 𝑤𝑜 = 6, (c) ACMWT at 𝑤𝑜 = 6, (d) ST, (e) AST, and (f) AMST 
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Table 6. The ECMmax value of TFT estimator, experiment 4, α = 5% 

TFT estimator ECMmax, Noise free ECMmax, when SNR 30 dB 

CMWT 0.1757 0.1717 
ACMWTqopt=0.21 0.1916 0.1846 

ST 0.1736 0.1661 

AST qopt=0.30 0.1898 0.1790 
AMST qopt=0.15 0.1895 0.1789 

CMWT = Standard continuousMorletwavelet transform; 
ACMWT = Adaptive continuousMorletwavelet transform; 
ST = Stockwell transform; AST = Adaptive Stockwell transform; 
AMST = Adaptive modified Stockwell transform; 

 

Simulation Study of Physiological Signals 

The time-frequency power spectra representation obtained from the analysis of HRV of one 
subject of each group are depicted in Figure 6.  

 

Figure 6. Time-frequency power spectra representation at α = 5% of HRV signals from one (a) 
healthy young (b) healthy elderly (c) arrhythmia controlled (d) supraventricular tachycardia subject, 

assessed by ACMWT at   𝑤𝑜 = 6  estimator, instantaneous frequency are represented by a dotted 
line in LF and HF band of HRV signals, color bar indicated the index of power (minimum to 

maximum value in color code) across instantaneous frequency 

The time-frequency maps were generated using ACMWT at 𝑤𝑜 = 6. The instantaneous 
frequencies (represented as white dotted line on map) of the power spectral components of HRV in 
LF and HF band, are assessed by localizing the consistent instantaneous spectral peaks [46]. The 
instantaneous frequencies of the HF components of HRV signal reflect variability of respiratory rate 
and LF components of HRV are responsible for variability of blood pressure. In healthy young and 
elderly subjects variability of respiratory rate is high, which fluctuated between 0.15-0.35 Hz and 
blood pressure variability (0.076±0.012, 0.117±0.016 [47]and 0.1 Hz (Mayer wave) related to 
baroreflex of control of blood pressure), fluctuate between 0.04-0.15. While variability of respiratory 
rate and blood pressure in an arrhythmia control subject are slowly fluctuated between 0.16- 0.42 Hz 
and 0.05 -014 Hz. In case of a supraventricular tachycardia subject, the variability of respiratory rate 
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and blood pressure are missing for instant and very slowly fluctuated between 0.05-0.12Hz and 0.2 -
0.45 Hz.  The color bar represents the index of power (ms2) content corresponding to instantaneous 
spectral peaks. The highest index power of color bar is in HRV of young subject approximately 5 
times to elderly, 2.4 times to arrhythmia controlled and 16 times supraventricular tachycardia subject. 
The time-frequency maps of HRV from a young and elderly subject is shown in Figures 6.a and 6.b 
respectively reflects that the instantaneous power spectral of the HF modulation is lesser than the LF 
modulation. While in an arrhythmia control subject, shown in Figure 6.c, the instantaneous power 
spectral of the HF modulation is slightly higher than the LF range. This power spectral of both LF 
and HF band of HRV signal is very poor in a supraventricular tachycardiac subject, shown in Figure 
6.d compared to other subject. 

The median trend and interquartile range of spectral indices (LFp, HFp and LFp/ HFp ratio) was 
estimated from the HRV signal of 14 subjects of each group as shown in Figure 6. While numerical 
results as average of median trends is given in Table 7. In the calculation of spectral indices, the first 
and last five samples have been excluded from each group of epoch. The one-tailed t-test method at 
p<0.05 was applied to statistically (p-value) compare the temporal mean values of the spectral indices 
estimated in each group. 

In Figure 7.a, it is shown that the median trend of spectral indices increased in the HYG subjects 
as compared to other group.  

 

Figure 7. Global results of power spectra indices (in LF, HF band) and LFp/HFp ratio shown as 
median trend (black line) and interquartile range (blue color) of the HRV signals from all subjects 

of (a) HYG (b) HEG (c) ARCMG (d) SVTG 

The spectral indices LFp/ HFp, which decreases compared to HEG subjects (p< 0.00001). In LF 
an HF band, the average median value as LFp, HFp and LFp/ HFp ratio fluctuated around 
16.4019±5.5189, 7.0326±2.7397 and 1.9948±0.8042 in HYG subjects. While these spectral indices 
altered around 2.2591±0.6405, 0.6974±0.2235 and 3.7655±1.709 in HEG subjects as shown in 
Figure 7.b. The average median value of LFp/ HFp (3.7655±1.709) was significantly increased 



Ram S. SINGH, Barjinder S. SAINI, Ramesh K. SUNKARIA 
 

62 Appl Med Inform 39(3-4) September-December/2017 
 

(p<0.0001) in HEG compared to other group indicating an increased sympathetic activity and 
decreased vagal activity. However, HFp and LFp was less compared to HYG subjects, it may be 
caused by significant cardiovascular alterations, both physical as fragility of sinoatrial natural 
pacemaker cells or of arterial distensibility and functional as changed coupling between regulatory 
components with aging [48, 49]. From Figure 7.c it can be depicted that the median trend value of 
LFp and HFp varied around 3.4801±1.1984 and 3.5160±0.9225. These valueswere significantly 
increased (p< 0.05) in ARCMG compared to HEG subjects. It may be due to medication of 
arrhythmia subject. Drugs like digoxin, pronestyl, norpace and quinidin increases the vigor of 
myocardial contraction. The increased contractility results in improving the strength of ANS, 
balancing the cardiac autonomic control system and superficially enhancing cardiac vagal tone in the 
setting of neuroendocrine stimulation [50, 51, 52]. In comparison to other group subjects, the trend 
of spectral indices of HRV from SVTG subjects presented in Figure 7.d was characterized by a 
significant reduction (p< 0.00001) in the LFp and HFp component varied around 0.2175±0.1706 
and 0.1629±0.1567. As a result, the LF/HF ratio was 1.5677±0.515. It is due to supraventricular 
tachycardia (SVT) arrhythmia in subjects. During SVT the atria contract against closed atrio-
ventricular valves and intra-atrial pressure increases largely. Adjustment of SAN are thus subjected 
to multiple mechanical surpluses [53]. As a consequence there might emerge weakening of sinus 
natural pacemaker responses to cyclic changes of strength of signals of ANS with subsequent 
reducing of LFp and HFp. 

Table 7. Global results of power spectra (in LF, HF band) and LFp/HFp ratio, reported as the 
average of the median trend shown in Figure 7, evaluated for HRV from each group of subjects 

(first and last 5 samples excluded from the analysis),  p-value are statistically significant with respect 
to the young group subjects at P <0.05 

Subjects LFP (ms2) (mean±sd) HFp (ms2) (mean±sd) LF/HF  ratio (mean±sd) 

HYG Subj. 16.4019±5.5189 7.0326±2.7397 1.9948±0.8042 
HEG Subj. 2.2591±0.6405 0.6974±0.2235 3.7655±1.709 

ARCMG Subj. 3.4801±1.1984 3.5160±0.9225 0.9634±0.3312 
SVTG Subj. 0.2175±0.1706 0.1629±0.1567 1.5677±0.5151 

 P≤0.00001 

HYG= Healthy young group; HEG = Healthy elderly group;  

ARCMG = Arrhythmia controlled medication group; SVTG = Supraventricular tachycardia group 

 
Extracting meaningful information as LFp and HFp from HRV signals in time-frequency domain 

is an experimental science [54]. To obtain correct time-varying spectral density, high resolution 
without any adjacent interference is required. There are various signal processing tools to measure 
important information from HRV signals in time-frequency domain but for correct analysis the 
results should be analyzed properly [55, 56]. To test the performance like follow the ideal time-
frequency mapping without cross interference, temporal and spectral resolution based on energy 
concentration of the adaptive methods. They were examined using a set of synthetic individual 
characteristics of HRV signals.  

In first experiment for stationary signal, the depiction obtained by the CMWT at wo=6 contains 
large cross terms and poor resolution at HF. The ST suffers from the same problem as the CMWT 
at wo=6, poor frequency resolution at HF and good at LF. AST and AMST methods have better 
frequency resolution at HF compared to ST and CMWT at wo=6, but it not follows the ideal time-
frequency mapping. This was evident that from Figure 1.c, the ACMWT at wo=6 has more uniform 
resolution and follow the ideal time-frequency mapping at both LF and HF. Therefore, the ACMWT 
certainly enhances the time-frequency illustration compared to other considered TFT estimator. This 
result in better energy concentrated time-frequency representation of the stationary signals. 

By examining the time-frequency representations of the non-stationary signals like slow and fast  
time varying spectra components, it can be noticed that the ST and CMWT at wo=6 are capable to 
internment the LF components but the energy concentration is poor. The illustration was obtained 
by AST and AMST contains very good resolution for two components same as ACMWT at wo=6, 
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but frequency component signals (0.06-0.08 Hz, in range of LF band) resolution deteriorate. With 
the ACMWT more resolution and better energy concentrated time-frequency representation was 
obtained for all the components of LF and HF, compared to other considered TFT methods. 

The time-frequency representation obtained by the ACMWT at wo=6 , depicts that spectral 
components are well energy concentrated up to the crossing of fast varying frequency component 
and linear chirp signal and diminishes the cross interference. The ST, AST and AMST have good 
frequency resolution at HF, but, as the frequency (LF) decreases, the temporal and spectral resolution 
fades. It also surrounds significant cross interference. 

From above discussions, it has been concluded that the ACMWT at wo=6 is capable of enhancing 
the energy concentration of stationary and non- stationary signals in LF and HF band of HRV signals. 

Limitations and Future Scope 

The ACMWT at wo=6 method is applicable only for (0.02-1Hz) frequency range, not for VLF 
band. The value of wo increases the resolution and energy concentration of time-frequency decreases. 
In this paper, we have studied the energy concentration of HRV time series signals on synthetic as 
well as standard database of arrhythmia, a future work on wide range of out breaking cardiovascular 
diseases can act as a bridge between research and clinical practice. 

Conclusions 

Tests on synthetic simulated signals demonstrate that ACMWT at wo=6 could be an alternative, 
possibly more effective in terms of energy concentration and resolution, method for assessment of 
power spectral in HRV time series. Further, the ACMWT at wo=6 has been used for analysis of HRV 
signals from HYG, HEG, ARCMC and SVTG. By using this method, the median value of 
interquartile range of spectral indices estimated and compared among group of subjects at statistical 
significance (p<0.05) using t-test method. The global results have depicted that the spectral indices 
LFp and HFp of HRV are decreased in HEG compared to HYG subjects, it may be due to degrade 
in autonomic nervous system with aging. While LFp and HFp indices increased in ARCMG 
compared to HEG subjects, it could be mainly caused by medication of the subjects. The LFp and 
HFp component of HRV obtained from SVTG are reduced compared to other group subjects. It is 
due to weak sinus natural pacemaker responses. 
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